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Two-Dimensional Compressible Non-Acoustic
Modeling of Stirling Machine-Type Components
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Starting with an existing two-dimensional incompressible � ow computer code, a two-dimensional code was
developed for modeling enclosed gas volumes with oscillating boundaries. The incompressible code was modi� ed
to use compressible nonacoustic Navier–Stokes equations. The devices modeled have low Mach numbers and are
suf� ciently small that the time required for acoustics to propagateacross the interiors is small compared to the cycle
period.Therefore, acousticswere excluded to minimizecomputingtime. The compressible nonacousticassumptions
are discussed. The governing equations are presented in transport equation format. The numerical methods are
brie� y described. Code predictions are compared with experimental data.Compressible nonacousticpredictions of
gas spring losses agreed well with 10-rpm test data, and »50- and 500-rpm calculated and experimental pressure–
volume diagrams agreed well. For a heat-exchanger/piston-cylinder test rig, calculations of heat exchanger heat
� uxes at various axial locations over the cycle agreed well qualitatively with the data, but quantitative agreement
was not good.

Nomenclature
cp = speci� c heat at constant pressure
Dh = hydraulic diameter, four times � ow

area/wetted perimeter
ND = viscous force vector
F = functional representationof general

equation of state (4)
Nf = mass force vector (due to gravity, for example)
P = mean spatial pressure
Pa = amplitude of mean spatial pressure
P0 = arithmetic mean of maximum and mininum mean

spatial pressures
p = static pressure
Q = density of continuouslydistributed heat sources
qm = entropy source due to nonzero mass sources
R = gas constant
rv = volume ratio (maximum/minimum)
S = source term
s = entropy per unit mass
T = temperature
NNT ST = stress tensor
NNT ST;S = source part of stress tensor
t = time
U = axial, x direction, velocity
Nu = velocity vector, NiU C NjV
V = radial, r direction, velocity or volume
V0 = arithmetic mean of maximum and minimum volumes
OWloss = nondimensionalwork or hysteresis loss
Nw = rate of momentum change because

of mass sources, »½ Nu
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0Á = diffusion coef� cient
° = ratio of speci� c heats of � uid
¸ = molecular thermal conductivity
¹ = absolute viscosity
» = mass source strength per unit mass
½ = density, � uid mass per unit volume
½0 = arithmetic mean of maximum and minimum densities
Á = transport quantity per unit mass
! = angular velocity, rad/s

Introduction
Background

T HE work reported here has supported Stirling engine de-
velopment underway for more than 25 years.1¡5 Two one-

dimensional Stirling design codes have been used.6;7 Experience
indicatesthat initial enginepower is typically10–20%less than one-
dimensional design code predictions. The one-dimensional codes
assume uniform axial � ow and, thus, are de� cient in modeling
interfaces where area changes occur (and other approximations
are required). Past comparisons of one-dimensional design code
predictions8 have shown rough overall performance agreement but
signi� cant differences in individual losses.

The multidimensional Stirling code development reported here
began as a strategy to improve characterizationof thermodynamic
losses.3 Makhamov and Ingham9 indicate a two-dimensional code
has been used to aid Stirling engine design at the Stirling En-
gine Laboratory at the Physical-Technical Institute in Tashkent,
Uzbekistan.

Objective of the Work and Work Reported
The immediategoal of the two-dimensionalcodedevelopmentre-

portedhere was a time-ef� cient code for studyof Stirling type cylin-
der heat transfer/power (hysteresis)losses(seeTew10). A long-range
goal was to provide the basis for developmentof a two-dimensional
model of a complete Stirling engine.

Therefore,startingwith an existingtwo-dimensionalincompress-
ible � ow code, CAST,11 a two-dimensionalcode was developed for
modelingenclosedvolumes of gas with oscillatingboundaries.This
incompressiblecode was modi� ed to use compressiblenonacoustic
Navier–Stokes equations.12 The devices modeled have low Mach
numbers, but oscillatinggas volumes, and are suf� ciently small that
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the time required for acoustics to propagate across them is small
comparedto the cycleperiod. Therefore,acousticswere excludedto
minimize computing time. The compressible nonacoustic assump-
tions are discussed.The governingequationsare presented in trans-
port equation format. The numerical methods are brie� y described.
Code predictions are compared with test data.

Compressible Nonacoustic Flow
Assumptions

Fedorchenko12 discusses a number of subsonic initial-boundary-
value problems that cannot be solved using the classical theory of
incompressible� uid motion, which involves the equation r ¢ Nu D 0.
Among these problems are 1) closed-volume � ows initiated by
blowingor suctionthroughpermeablewalls, 2) closed-volume� ows
initiated by a moving piston, 3) � ows with continuouslydistributed
mass sources, and 4) viscous � ows with substantial heat � uxes.
Fedorchenkonotes that use of the most general theory of compress-
ible � uid � ow may not be best in such casesbecauseof dif� culties in
accurately resolving complex acoustic phenomena and in assigning
proper boundary conditions.

Fedorchenko12 proposes a nonlocal mathematical model where
r ¢ Nu 6D 0, in general, for simulation of unsteady subsonic � ows in
a bounded domain with continuouslydistributedmass, momentum,
and entropy sources, which also accounts for effects of viscosity
and conductivitywhen necessary. The exclusion of sound waves is
an important feature of the model.

The most general form of Fedorchenko’s12 compressible nona-
coustic system of equations for simulation of unsteady, subsonic,
heat-conductingviscous � ows are as follows.

Momentum:

@.½ Nu/

@t
C r ¢ ½ Nu Nu C r p D ½ Nf C Nw C ND (1)

Continuity:

@½

@t
C r ¢ ½ Nu D »½ (2)

Energy:

@s

@t
C Nu ¢ rs D

R

P
[r ¢ ¸rT C Q] C qm (3)

State:

F .s; P; ½/ D 0 (4)

Several lesscommon variablesused in these equationsare de� ned
in the Nomenclature.

When r¹ D 0 (as for constant viscosity problems) then the vis-
cous force vector is

ND D ¹1 Nu C 1
3 ¹r.r ¢ Nu/ (5)

Note that the energy equation is written in terms of entropy s
rather than in terms of internal energy, enthalpy, or temperature.

Simpli� cations in the Navier–Stokes equations used to eliminate
acoustics and arrive at the preceding system of equations were 1)
pressure at time t and position Nr is split into a mean spatial pressure
level thatvarieswith time anda 1 (pressure)thatvarieswith position
and time,

p.Nr ; t/ D P.t/ C 1p.Nr ; t/ (6)

2) the pressure, P.t/ appearing in the equations of energy and state
is the mean spatial pressure that varies only with time. Therefore,
from the ideal gas equation of state

½ D P.t/=RT . Nr; t/ (7)

Thus, density is a function of mean spatial pressure level and the
temperature � eld (and is independent of the spatial pressure drop).

Simpli� cation of Equations for the Stirling Problem
Because, for the Stirling piston/cylinder problem, there are no

distributedmass or heat sources and the gravity force is not of inter-
est, the variables Nf ; Nw, » , Q, and qm in Eqs. (1–3) are all zero. Also
the ideal gas equation of state is suf� ciently accurate for the helium
gas used in Stirling enginesof interest.Therefore,Eqs. (1–4) reduce
to the following set:

@.½ Nu/

@t
C r ¢ ½ Nu Nu C r p D ND (8)

@½

@t
C r ¢ ½ Nu D 0 (9)

@s

@t
C Nu ¢ rs D

R

P
[r ¢ ¸rT ] (10)

½ D
P

RT
(11)

CAST and Modi� ed CAST Codes
The incompressible � ow CAST code was originally acquired

from Peric and Scheuerer.11 Many CAST numerical techniques are
also discussed by Ferziger and Peric.13 Changes made to CAST
to develop the modi� ed CAST compressible nonacoustic code are
documented by Tew.10

Transport Equation Format
The CAST solution technique is based on a transport equation

formulationof the governingequations.The coordinate-freegeneral
transport equation used, with terms categorized below, is:

@.½Á/

@t
C r ¢

¡
½ NuÁ ¡ 0ÁrÁ

¢
D SÁ (12)

Time rate convection diffusion source

of storage

Transport quantities, exchange coef� cients, and source terms for
the continuity,momentum, and energyequationsof modi� ed CAST
are shown in Table 1. The energy equation is in enthalpy format,
rather than the entropy format used by Fedorchenko.12 Turbulence
model kinetic energy and dissipation rate equations are de� ned by
Tew.10

Numerical (Finite Volume) Methods
Modi� ed CAST numerical methods are almost the same as those

of CAST.11 An exception is use of Leibniz’s rule (see Ref. 13) to
account for the moving piston. Details of the modi� cations to the
� nite volume versions of the governing equations are discussed by
Tew.10 The modi� cations included accounting for the nonzero r ¢ Nu
terms, adding the time derivative of the mean-spatial pressure to
the energy equation source term, and using mean-spatial pressure
in the ideal gas equation. The spatial pressure drop still appears
in the momentum equations to help determine the velocity � eld.
Because the density is not affectedby spatial pressure variation, the
incompressibleSIMPLE algorithm14 still applies.

The governing equations are solved with a conservative � nite
volume method.14 The basic approach is two fold. 1) Discretize the
solution domain by subdividing it into small axisymmetric (or rect-
angular) control volumes and locate the numerical grid points in the
center of the control volumes. 2) Discretize the transport equations.

Discretization is done by formally integrating the single terms in
the equations over a control volume. Application of Leibniz’s rule

Table 1 General transport equation; transported quantities,
exchange coef� cients, and source terms for continuity, energy,

and momentum equations

Transport Exchange Source
Equation quantity/vol. coef� cient term

Continuity ½ (mass/vol.) 0 0

Momentum ½ Nu (momentum/vol) ¹ r ¢ TST;S
Energy ½h (enthalpy/vol.) ¸=cp D ¹=Pr dP=dt
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and Gauss’s theoremyieldsan integro–differentialequationrelating
the net increase in the transported quantity per unit time to the
convectiveand diffusive� uxesacrossthecontrolvolumeboundaries
and the source/sink terms within the control volume. This practice
leads to a conservativemethod becauseboundary� uxes leavingone
control volume through its right boundary enter the neighboring
control volume through its left boundary. Because this principle
applies to all control volume faces, the scheme becomes overall
conservative. The approach is described by Peric and Scheuerer11

and Tew10 in more detail.

CAST Comparisons to Data and Another Computation
Recktenwald15 Computations and Kornhauser18

Experimental Data
Recktenwald15 computedheat transferbetween the cylinderwalls

and gas of a reciprocatingcompressor. A compressor cylinder con-
tains intake and discharge valves, unlike Stirling engine cylinders.
Recktenwald used two-dimensional, unsteady, compressible equa-
tions (acoustics included) to simulate the compressor. To validate
his computer code, he simulated a gas spring for comparison with
data generated by Kornhauser and Smith.16;17 A schematic of the
Kornhauser and Smith gas spring test rig is shown in Fig. 1. The
comparison between data and experiment was based solely on
experimental and simulated values of nondimensional hysteresis
loss over the gas spring operating range. A gas spring is a pis-
ton/cylinder, which has no � ow to or from the enclosed cylinder
volume.Kornhauser18 reported further details of these experiments.
He also reportedon tests made with a modi� cation of the gas spring
test rig (Fig. 2), to include a heat exchanger mounted on top of the
cylinder, such that � ow could continuouslypass between the cylin-
der and the heat exchanger as the piston expanded and compressed
the gas.This two-spacetest rigoperatedmore like a Stirlingmachine
cylinder than either a gas spring or a compressor.

Kornhauser’s gas springdata18 were alsousedas a basis forvalida-
tionof the two-dimensionalmodi� edCAST code.Modi� edCAST’s
calculatedhysteresislosses were comparedwith Kornhauser’s18 ex-
perimental and Recktenwald’s15 calculated values, over a range of
gas spring operation. Also, because Recktenwald published plots
of calculated gas spring velocity vectors and temperature contours,
these were compared with similar modi� ed CAST results for one
operating point. Thus Recktenwald’s compressible-acousticcalcu-

Fig. 1 Kornhauser’s and Smith’s16;17 closed-cylinder (gas spring) test
rig.

Table 2 Gas spring dimensions

Physical quantity Value

Cylinder bore (diameter) D 50.80 mm (2 in.)
Piston stroke S 76.2 mm (3 in.)
Volume ratio rº 2.0

Fig. 2 Kornhauser’s18 two-space (cylinder plus heat exchanger) test
rig.

lationswere comparedto modi� ed CAST’s compressiblenonacous-
tic calculations.Comparisonof the two sets of temperaturecontours
over the cycle for a 10-rpm gas spring showed excellent agreement.
Agreement between velocities also appeared to be very good, al-
though due to some differences in the velocity vector plots, only
a qualitative comparison could be made. These two-dimensional
comparisons are shown in Ref. 10.

Gas Spring and Two-Space Test Rig Dimensions
The internal dimensions of Kornhauser’s test rigs18 are shown in

Tables 2 and 3. Because of a CAST limitation, a slight change was
made in the two-space test-rig simulated heat-exchangergeometry.
In CAST/modi� ed CAST a grid is generated for the envelope of
maximum length and radius (for axisymmetric problems). A vol-
ume such as that within the inner radius of the heat exchanger is
excluded from the calculations by insertion of a numerical “obsta-
cle.” A second obstacle would be needed to � ll the small volume
between the outer radius of the annular heat exchanger and radius
of the cylinder. (One must look closely to see this volume in Fig. 2.)
However, CAST can implement only one obstacle.
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Table 3 Two-space test-rig dimensions: physical
and simulated

Physical quantity Physical value Simulation value

Cylinder bore, mm (in.) 50.80 (2) 50.80 (2)
Piston stroke, mm (in.) 76.20 (3) 76.20 (3)
Volume ratio 2.0 2.0
Annulus o.d., mm (in.) 44.5 (1.75) 50.80 (2)
Annulus i.d., mm (in.) 39.4 (1.55) 46.4 (1.83)
Annulus gap, mm (in.) 2.5 (0.10) 2.2 (0.09)
Annulus length, mm (in.) 445 (17.5) 445 (17.5)
Minimum piston/head 2.9 (0.11) 2.9 (0.11)

clearance, mm (in.)

Therefore the modeled heat exchanger, physically mounted on
top of the cylinder, was moved slightly outward so that the outer
wall coincided with the cylinder wall; the heat-exchanger vol-
ume was maintained the same to maintain the same volume ra-
tio. Physical and simulated dimensions are shown in Table 3. (It
was later estimated that the small geometry change tended to re-
duce the difference between test and calculated results.) Further
code modi� cation was considered to solve this problem. However,
since completion of this study, development of multidimensional
Stirling models has proceeded via a commercial computational
� uid dynamics (CFD) code that does not have CAST’s geometry
limitation.

Both test rigs usedheliumgas with walls at a constanttemperature
of »294 K (»21±C, 70±F or room temperature).

Computational Grids/Time Steps and Experimental
Sources of Error

Double-precisioncomputationswere required to achieve conver-
gence of the modi� ed CAST models. The residual’s convergence
criterion was 0.0001. Minimization of numerical errors was ad-
dressed by testing the models with various grid and time step sizes
to approach solutions independent of grid and time step size. One
practical limitation was that the study was done via an available
150-MHz desktop computer. A few comparison runs were made on
the Ohio Supercomputer Center’s CRAY computer.

Two subsections to follow on experimental data processing and
sources of error are summaries of information from Kornhauser.18

However, no error analysiswas reported that would allow error bars
to be shown on the data used in this report.

Gas Spring Model Time Step and Spatial Grid Selection
Recktenwald15 determined, in simulations of Kornhauser’s gas

spring,18 that 17 £ 12 grids (axial and radial directions, respec-
tively) with 120 time steps/cycle and 43£ 30 grids with 180 time
steps/cycle gave approximately the same results for overall cycle
work, heat transfer, and other variables. Therefore, he used 17 £ 12
grids with 120 time steps/cycle for most runs, but 43 £ 30 gridswith
180 times steps/cycle to make � eld plots of the velocities, temper-
atures, etc.

Results similar to Recktenwald’s15 were obtained via grid in-
dependence and time step studies using the modi� ed CAST code.
The modi� ed CAST computationsdiscussed later were made using
18 £ 12 grids with 120 time steps/cycle or, when it was desired to
make � eld plots of the velocities and temperatures, 42 £ 30 grids
with 200 time steps/cycle.

Two-Space Model Time Step and Spatial Grid Selection
For the gas spring simulation, an 18 £ 12 grid with 120 time

steps/cycle gave adequate results compared to use of 42 £ 30 grids
and200 time steps/cycle(for10 rpm,193-kPameanpressure).Thus,
an 18 £ 12 grid was used to start planning the grid for the cylinder
portion of the two-space experiment. Then, eight radial grids were
chosen for the heat exchanger. In the cylinder, these 8 radial grids
were added to the 12 radial grids previously used in the cylinder.
This, then, gave a total of 18 axial£ 20 radial cylinder grids (more
dense radial grids than for the gas spring).

In the heat exchanger, it would be convenient to have uniform
axial grids to simplify heat � ux calculations at the entrance, end,

and at 1/16, 1/8, 1/4, and 1/2 of the heat exchanger length from
the entrance. These were positions where temperatures and heat
� uxes were measured.Therefore, initially, a rather coarse, uniform,
16 grids were used along the axis of the heat exchanger. Thus, this
initial grid had 16 axial x 8 radial grids inside the heat exchanger
annulus and 18 £ 20 grids in the cylinder for a total of 34 axial
£ 20 radial grids. There were 120 time steps/cycle chosen, initially,
as used with the 18 £ 12 gas spring grid.

With this 34 £ 20 grid, average grid densities in regions of the
computationaldomain were as follows. In the heat exchanger, axial
grid density was a coarse one grid every 2.78 cm; radial average
grid density was »36 grids/cm. In the cylinder, radial average grid
density inside the heat-exchanger inner radius was »5 grids/cm;
between the inner and outer heat-exchanger radii, radial grid den-
sity was the same as the heat exchanger, »36 grids/cm. Cylinder
axial grid densities were 62 grids/cm at top-dead-center (TDC)
and »2.3 grids/cm at bottom-dead-center.The coarseness and uni-
formity of the initial axial heat-exchanger grid was considered a
possible problem.

For experimentation with the number of axial grids, cylinder ra-
dial grids were � xed at 20, with 8 in the heat-exchanger and 12 in
the non-heat-exchanger region. Axial grids in the heat exchanger
were increased from 16 to as large as 128 (factor of 8), using both
uniform and non-uniform grids. In the cylinder, in addition to the
earlier used 18 axial grids, several runs were made with only 8 ax-
ial grids. The already small grid size, when compressed at TDC,
seemed to argue against going to a larger number of cylinder axial
grids. Further increases in the number of radial grids in the annular
heat exchanger would have been desirable. This was not done due
to desktop computer and time limitations. This same problem has
more recently been modeled by Ibrahim, et al.,19 using the CFD–
ACE commerical code (which does not exclude acoustic phenom-
ena) with up to 20 radial grids in the annular heat exchanger.These
CFD–ACE computationsdid not improve upon the earlier modi� ed
CAST computations (reported here), in achieving agreement with
Kornhauser’s heat exchanger heat � ux data.18

Gas Spring Test Rig: Experimental Data Processing
and Sources of Error18

The summarized information in this and the following section
was taken from Kornhauser.18 Three full cycles of pressure–volume
data were collected for each run. Of these, only one was used for
analysis. The remaining data were used to check the level of cycle-
to-cycle variations.

The cyclic lost work (hysteresis loss) was calculated by trape-
zoidal rule integrationof p dV . Comparison of lost work calculated
for adjacent cycles showed a variation that never exceeded 0.18%
for any run and was generally less than 0.01%.

Instantaneous space-averagedheat transfer and mixed mean gas
temperaturewere calculatedfrom pressure,volume, and time. Work
was calculateddirectly from pressureand volume; heat transfer rate
was calculatedfrom work, internal energy, time, and the � rst law of
thermodynamics.

Kornhauser18 found that helium gas was accurately represented
by the ideal gas equation of state. He also found that the appendix
gap volume, the small annular clearance volume between the piston
and the cylinder wall, began to have a signi� cant effect on the re-
sults for volume ratios greater than 2.0 (volume ratio of 2.0, for the
experimental runs used here).

According to Kornhauser,18 pressure transducer inaccuracies
made temperature calculations unreliable at the lowest pressure,
near isothermal, runs. The transducers had uncertainties of 0.59
(0.086) and 1.8 kPa (0.26 psi) for low- and high-range transducers,
respectively. This corresponded to temperature errors of 1.8 and
1.0 K, respectively,for the lowest mean pressure. Because the most
nearly isothermal runs had temperature swings as low as 1.7 K, the
temperature errors were large enough to make data from these runs
unreliable.For higher pressureand “less isothermal” runs, accuracy
was adequate. For the highest pressure, largest temperature swing
case, there was a temperature uncertainty of about 0.3 K for a gas
temperature swing over the cycle of 230 K. The results of the most
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nearly isothermal runs were used only for loss, pressure phase, and
pressure magnitude measurements. The lowest temperature swing
of any run for which heat transfer results were reported was 16 K.

Two-Space Test Rig: Experimental Data Processing
and Sources of Error18

Cyclic lost work and instantaneousspace-averagedheat transfer,
were calculatedby Kornhauser18 the same way as for the gas spring
apparatus.Annulus gas–wall heat transfer was calculated from sur-
face temperature test data by modeling the wall as a semi-in� nite
solid subjected to sinusoidal surface temperature variations. The
surface temperature was Fourier decomposed into sinusoidal com-
ponents, and heat transfer corresponding to each component was
calculated.Components were recombined to get total heat transfer.
This Fourier procedure could be used only for the ac heat trans-
fer component. The dc component could not be calculated from
these data because by the time cyclic steady state was attained for
the gas, the dc temperature wave had penetrated the substrate. An
approximate value for the dc heat transfer was calculated using
cyclic-average values of wall temperature for all cycles beginning
with the apparatus startup. The wall was modeled as a semi-in� nite
solid subjectedto a step change in surfaceheat � ux. Approximatedc
heat transfer was calculated from the change in cyclic-averagewall
temperature at startup, when the substrate could still be considered
semi-in� nte.

Cylinder heat transfer was calculated by subtracting the heat
transfer calculated from heat exchanger surface resistance temper-
ature detector (RTD) measurements from total heat transfer calcu-
lated from pressure–volume measurements. To do this, it was nec-
essary to interpolate heat � uxes measured at each RTD location to
� nd the heat � ux at each point in the heat exchanger.

Center gas temperature in the heat exchanger was measured di-
rectly. Kornhauser’s18 mixed mean gas temperature in the cylinder
space was calculated using both the heat-exchanger temperature
measurements and pressure–volume measurements.

The error sources present for the gas spring experiments apply
for the two-space experiments as well. In addition, there were error
sources unique to the two-space experiments.

Kornhauser’s18 surface heat � ux calculations were based on the
assumption that the transducer could be modeled as an in� nitely
thin sensor mounted on an in� nitely thick, one-dimensionalhomo-
geneous substrate. The assumption of a thin sensor was thought to
be quite good. The assumption of a semi-in� nite one-dimensional
wall led to errors in surface heat � ux calculationsuch that only data
taken at 50 rpm and above were felt to be reliable by Kornhauser.

Probably the most important sources of error were in calculation
of temperature and, to a lesser extent, heat transfer in the cylin-
der space. Because of the complex oscillating pressure/oscillating
� ow conditions, the temperature pro� le across the heat exchanger
was not known. Because of the small size of the annulus, temper-
ature could be measured only at or near the centerline, according
to Kornhauser.18 (A 10 £ microscope was used to investigate de-
viations from the centerlineposition.) In calculatingcylinder-space
temperature, gas mass in the heat exchanger was calculated on the
assumption that the centerline temperaturewas representativeof the
mean cross-sectionaltemperature.This could result in serious mis-
calculation of the mass and, thus, the temperature in the cylinder
space. In addition to having only a centerline temperature measure-
ment, the temperatureswere interpolatedbetween the measurement
locations along the length of the heat exchanger.This provided an-
other possible error source.

Results: Computations Virsus Test Data
Gas Spring Hysteresis Losses

For a gas spring, hysteresis loss is work dissipated by the spring
per cycle at steady operating conditions; it is also equal to the heat
generated in and transferred out of the spring. A good way to com-
pare computational and measured hysteresis losses is via plots of
dimensionless work as a function of oscillating-� ow Peclet num-
ber (see Ref. 18). Dimensionless work and oscillating-� ow Peclet

Fig. 3 Gas spring losses: modi� ed CAST, recktenwald15 calculations,
and Kornhauser’s18 measurements.

numbers are de� ned, respectively, as follows:

OWloss D
I

P dV

¿
P0V0

³
Pa

P0

´2³
° ¡ 1

°

´
(13)

Pe! D
½0cp!D2

h

4¸
(14)

Recktenwald15 had previouslyplotted his calculated dimensionless
losses on a plot of Kornhauser’s data.18 The modi� ed CAST di-
mensionless losses were superimposed on this plot with the result
shown in Fig. 3. Figure 3 shows dimensionless loss as a function
of oscillating-� ow Peclet number. The modi� ed CAST values were
plotted at “uncorrected” Peclet numbers (see Ref. 10) (based on
integral average densities). If plotted at the corrected values of the
Peclet numbers (see Ref. 10), that is, based on arithmeticmean den-
sities, as by Recktenwald,15 they would be shifted slightly to the
right and would fall on Recktenwald’s values.

Five of the six pairs (modi� ed CAST and Recktenwald values15)
of calculated dimensionless losses agree well with Kornhauser’s
data.18 The one pair of calculated points that did not agree with
the data is shown at the highest Peclet number and corresponds to a
1000-rpm,1465-kPagas spring operatingcondition.Recktenwald15

discusses several plausible explanations for disagreement at high
Peclet number Pe! : 1) At large Peclet number Pe! the gas spring
approaches adiabatic behavior and hysteresis losses become small,
and so a small error will have large consequences. 2) Wall heat
transfer may be underpredictedby the calculations (both sets) due
to assumptions of constant thermal conductivity corresponding to
300 K, while temperatures varied between 250 and 400 K for this
near adiabatic point. 3) Systematic error in the experimental results
is a possibility.

In the data midrange, near Pe! D 10, where higher and lower
data curves occur, the computations agree with the lower curve.
Kornhauser18 found the higher and lower curves were related to dif-
ferencesbetweendata takenat high pressure/low-speed(higher)and
those taken at low pressure/high speed (lower). He concluded there
was some other dimensionlessparameter needed to resolve the data
in this range.His experimentalso showed that adding � ns within the
gas springclearancevolumesuppressedthe differencein losses,that
is, between high-pressure/low-speed and low-pressure/high-speed
losses. See Kornhauser18 for more discussion.

Comparison of modi� ed CAST and experimental pressure–
volume (P–V) diagrams are shown in Figs. 4 and 5 for »49 and
496 rpm, respectively.Agreement is very good.

Two-Space Test Rig Data and Calculation Comparisons
Figures6 and7 showexperimentalheat-exchangerheat � uxesand

annulus center-to-wall temperature difference for Kornhauser’s18

two-space rig. Figures 8 and 9 show correspondingmodi� ed CAST
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Fig. 4 Gas spring experimental18 and modi� ed CAST P–V diagrams
for 48.6 rpm, 555.7-kPa mean pressure.

Fig. 5 Gas spring experimental18 and modi� ed CAST P–V diagrams
for 495.8 rpm, 223.3-kPa mean pressure.

Fig. 6 Measured18 two-space test-rig heat-exchanger heat � uxes for
201.7 rpm, 1.008-MPa mean pressure.

results for comparison with Figs. 6 and 7. Experimental and calcu-
latedheat transferhavedifferentsignsdue to differencesin de� nition
of the positive heat transfer direction.

Figures 6 and 8 show that peak experimental heat � ux near the
entranceis 4000–5000W/m2 less (»17%) than the calculatedvalue;
near the end, the peak experimental value is »9000 W/m2 less
(»45%) than the calculatedvalue. Therefore, even though the qual-
itative variations in heat transfer look similar in the experimental
and calculated plots, quantitative agreement is not good.

Comparisonof the annuluscenter to wall temperaturedifferences
in Figs. 7 and 9 show that the calculated temperaturedifferencesare
smaller that the experimental values. This is consistent with the
calculated heat � uxes being larger than the experimental values.

Two-dimensional plots of the Modi� ed CAST calculated tem-
peratures, velocities, pressures, etc., are given in Ref. 10. However,
there are no experimental values available for comparison.

Fig. 7 Measured18 two-space test-rig heat-exchangertemperature dif-
ferences for 201.7 rpm, 1.008-MPa mean pressure.

Fig. 8 Modi� ed CAST two-space test-rig heat-exchanger heat � uxes
for 201.7 rpm, 1.008-MPa mean pressure.

Fig. 9 Modi� ed CAST two-space test-rig heat-exchanger temperature
differences for 201.7 rpm, 1.008-MPa mean pressure.

Laminar Versus Turbulent Flow
Laminar Versus Turbulent Flow in Kornhauser
Gas Spring18 at High Speed

Recktenwald15 assumed that at 500 rpm the � ow inside the gas
spring was turbulent. His assumption was based on the following
reasoning. He calculated that the Reynolds number, based on mean
piston speed, gas spring geometry, and mean helium properties,
was 1026. He thought it reasonable to assume that agitation by the
piston and the large volume changes are suf� cient to induce large-
scale, unstable motions that give rise to turbulence. Recktenwald15

used the Morel–Mansour compressible form of the k–" turbulence
model.20

Tew10 showed that modi� ed CAST, assuming laminar � ow, gave
approximately the same dimensionless losses as Recktenwald’s15

turbulent calculations, for both 500 and 1000 rpm. Also, when the
1000-rpm simulation was repeated with modi� ed CAST, using the
Launder–Spalding incompressible k–" turbulence model,21 there
was very little change in the results.Later, for two-spacetest-rig tur-
bulent � ow simulations,both the Launder–Spalding incompressible
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Fig. 10 Always-laminar/sometimes-turbulent regions of oscillating
pipe � ow27: labels are criteria of different researchers.

and the Morel–Mansour compressible forms of the k–" turbulence
models were used in modi� ed CAST; differences in the results ob-
tained using the two different forms of the turbulence model were
very small. Agreement of the turbulentand laminar calculations for
these oscillating-� ow simulations could possibly be due to the ten-
dency of k–" turbulence models to dissipate turbulence too rapidly
under these conditions. For example, Koehler et al.22 found that a
low Reynolds number k–" model dissipated the turbulence in a tur-
bulent slug entering a pipe during oscillating� ow much too quickly
compared to experimental data.

It is also possible that the maximum Reynolds number was not
large enough at these oscillating-� ow conditions to generate turbu-
lence. Experiments with oscillating � ow in pipes have shown that
accelerating � ow tends to delay transition to turbulence and decel-
erating � ow tends to destabilize the � ow and cause transition to
turbulence.23¡25 Two dimensionlessparameters that have been used
to characterize regions of oscillating � ow in pipes as fully laminar,
fully turbulent, and laminar or turbulent over different parts of the
oscillating � ow cycle are Valensi number and maximum Reynolds
number (see Ref. 26).

Figure 10 (see Ref. 27) characterizes laminar and turbulent re-
gions of oscillatingpipe � ow. The region left of the transition lines
is the region of always-laminar � ow. As the angular frequencyand,
thus, the Valensi number increase, the always-laminar region ex-
tends over to the right to higher maximum Reynolds numbers.
For the 1000-rpm modi� ed CAST gas spring run discussed earlier,
oscillating-� ow Peclet number was about 3375. This corresponds
to a Valensi number (oscillating-� ow Peclet number/Prandtl num-
ber) of »5000. Maximum Reynolds number, based on maximum
piston velocity of »4 m/s and maximum density of »2.75 kg/m3,
was »2:3 £ 104 . This point is inside the always-laminar region. Of
course, this is for pipe � ow. The gas spring, with an oscillating pis-
ton inside a 5.1 cm (2-in.)- diam cylinder and with a maximum/
minimum volume ratio of 2 might be more likely to experience
turbulence at lower maximum Reynolds numbers.

Laminar Versus Turbulent Flow: Two-Space Test Rig
Rig operating conditions were 201.7 rpm and 1.008-MPa mean

pressure. Maximum Reynolds numbers and Valensi numbers were
calculated for the 34 £ 20 grid, 120 time step/cycle simulation
and compared with Fig. 10. It was found that the heat-exchanger
maximum Reynolds number point (V a D 7.8, Remax D 2370) was
in the neighborhood of the several transition lines between the
always-laminar/sometimes-turbulent regions. This would imply
that the heat-exchanger � ow might be turbulent for part of the

cycle. The cylinder maximum Reynolds number point (V a D 420,
Remax D 6300)was in the always-laminarregion.Measurementsand
analysis of oscillatingpipe � ow25 have shown that � ow may be tur-
bulent and laminaroverdifferentpartsof the samecycle;appropriate
simulation involves switching back and forth between laminar and
turbulent calculations. No data were available for the test rig to
specify if and when the � ow was turbulent. Therefore, runs made
for comparisonof laminar and turbulent� ow used either the laminar
or turbulent � ow models over the entire cycle.

Conclusions
Fedorchenko’s compressible nonacoustic equations12 were used

as a basis formodifyingan existingincompressibletwo-dimensional
code, CAST.11 The resulting compressible nonacoustic two-
dimensional code, modi� ed CAST, was then used to model two
reciprocatingtest rigs for which publisheddata were available.16¡18

Modi� ed CAST gas spring calculations agreed well with 10-rpm
hysteresis loss data, »50 and 500 rpm P–V diagram data, and
also with compressible acoustic calculations of two-dimensional,
10-rpm gas spring, velocities and temperatures.However, modi� ed
CAST overpredictedtwo-space test-rig heat-exchangerheat � uxes,
although trends were predicted well.

In general, acousticswill be unimportant inside reciprocatingde-
vices suf� ciently small that acoustic-propagation times across the
interiors are small compared to the cycle period. For the gas spring
at 1000 rpm and the taller two-space test rig at »200 rpm, simulated
here, acoustic waves were calculated to travel across the maximum
dimensions in less than 1.5% of the cycle period. Maximum Mach
numbers for both test rigs were less than 0.01.

Fedorchenko’s12 compressible nonacoustic technique may have
the capability for reductions in simulation time for specialized tran-
sient situations,for example, enclosedboundarieswith time-varying
volumes,where compressibilitymust be simulatedbut acousticsare
not important.

References
1Ernst, W. D., and Shaltens, R. K., “Automotive Stirling Engine Devel-

opment Project,” NASA CR-190780, Feb. 1997.
2Dahr, M., “Stirling Space Engine Program,” Vol. 1 Final Rept., NASA

CR 19999-209164/VOL1, Aug. 1999.
3Tew, R. C., and Geng, S. M., “Overview of NASA Supported Stirling

Thermodynamic Loss Research,” NASA TM-105690,Aug. 1992.
4Thieme, L. G., Qiu, S., and White, M. A., “Technology Development

for a Stirling Radioisotope Power System for Deep Space Missions,” NASA
TM-2000-209767,March 2000.

5Furlong, R., and Shaltens, R., “Technology Assessment of DOE’s 55-
We Stirling TechnologyDemonstrator Convertor (TDC),” NASA TM-2000-
210509, Oct. 2000.

6Huang, S. C., “HFAST Version 2.0 Analysis Manual,” NASA Contract
Number NAS3-25330, NASA John H. Glenn Research Center at Lewis
Field, Cleveland, OH, Jan. 1993.

7Gedeon, D., “Sage User’s Guide,” 3rd ed., Gedeon Associates, Athens,
OH, 1999.

8Geng, S. M., and Tew, R. C., “Comparison of GLIMPS and HFAST Stir-
ling EngineCode Predictionswith Experimental Data,” NASA TM-105549,
Aug. 1992.

9Makhkamov, K., and Ingram, D. B., “Theoretical Investigations on the
Stirling Engine Working Process,” Proceedings of 35th Intersociety Energy
Conversion Engineering Conference, AIAA, Las Vegas, NV, July 2000.

10Tew, R. C., Jr., “Two-Dimensional Compressible Non-Acoustic Model-
ing of Stirling Machine Type Components,” Ph.D. Dissertation, Mech. Eng.
Dept., Cleveland State Univ., Cleveland, OH, Dec. 2000.

11Peric, M., and Scheuerer, G., “CAST—A Finite Volume Method for
Predicting Two-Dimensional Flow and Heat Transfer Phenomena,” GRS—
Technische Notiz SRR-89-01, Gesellschaft fur Reaktorsicherheit (GRS)
mbh Forschungsgelande, 8046 Garching, Federal Republic of Germany,
Sept. 1989.

12Fedorchenko,A. T., “A Model of Unsteady SubsonicFlow with Acous-
tics Excluded,” Journal of Fluid Mechanics, Vol. 334, 1997, pp. 135–155.

13Ferziger, J. H., and Peric, M., Computational Methods for Fluid Dy-
namics, Springer-Verlag, Berlin, 1997, p. 327.

14Patankar, S. V., Numerical Heat Transfer and Fluid Flow, Hemisphere,
Washington, DC, 1980, Chap. 6.



TEW AND IBRAHIM 929

15Recktenwald, G. W., “A Study of Heat Transfer Between the Walls and
Gas Inside the Cylinder of a Reciprocating Compressor,” Ph.D. Dissertation,
Mech. Eng. Dept., Univ. of Minnesota, 1989.

16Kornhauser, A. A., and Smith, J. L., Jr., “A Comparison of Cylinder
Heat Transfer Expressions Based on Prediction of Gas Spring Hysteresis
Loss,” Fluid Flow and Heat Transfer in Reciprocating Machinery, edited
by T. Morel, J. E. Dudenhoefer, T. Uzkan, and P. J. Singh FED-Vol. 62,
HTD-Vol. 93, American Society of Mechanical Engineers, New York, Dec.
1987.

17Kornhauser, A. A., and Smith, J. L., Jr., “Heat Transfer During Com-
pression and Expansion,” Phase II Progress Report for Oak Ridge National
Lab., Subcontract No. 19x-55915C, Cryogenic Engineering Lab., Dept. of
Mechanical Engineering, Massachusetts Inst. of Technology, Cambridge,
MA, 1988.

18Kornhauser, A. A., “Gas-Wall Heat Transfer During Compression and
Expansion,” Ph.D. Dissertation, Mech. Eng. Dept., Massachusetts Inst. of
Technology, Cambridge, MA, 1989.

19Ibrahim, M. B., Tew, R. C., Zhang, Z., Gedeon, D., and Simon, T. W.,
“CFD Modeling of Free-Piston Stirling Engines,” NASA TM 2001-211132,
IECEC2001-CT-38, Sept. 2001.

20Morel, T., and Mansour, N. N., “Modeling of Turbulence in Inter-
nal Combustion Engines,” Society of Automotive Engineers, SAE Paper

8200040, 1982.
21Launder, B. E., and Spalding, D. B., “The Numerical Computation of

TurbulentFlows,” ComputationalMethodsin AppliedMechanicalEngineer,
Vol. 3, 1974, pp. 269–289.

22Koehler, W. J., Patankar, S. V., and Ibele, W. E., “Numerical Prediction
of Turbulent Oscillating Flow and Associated Heat Transfer,” NASA CR
197177, Aug. 1991.

23Seume, J., Friedman, G., and Simon, T. W., “Fluid Mechanics Experi-
ments in Oscillatory Flow,” NASA CR 189127, Vol. 1-Report, March 1992.

24Seume, J., Friedman, G., and Simon, T. W., “Fluid Mechanics Experi-
ments in OscillatoryFlow,” NASA CR 189128,Vol.2-TabulatedData, March
1992.

25Ibrahim, M., Bauer, C., Simon, T., and Qiu, S., “Modeling Oscillatory
Laminar, Transitional, and Turbulent Channel Flows and Heat Transfer,”
10th International Heat Transfer Conference, Inst. of Chemical Engineer,
Rugby, Warwickshire, UK, Aug. 1994.

26Simon,T. W., and Seume, J. R., “A Surveyof OscillatingFlowin Stirling
Engine Heat Exchangers,” NASA CR 182108, March 1988.

27Ibrahim, M., and Kannapareddy, M., “Computational Heat Transfer
Analysis for Oscillating Channel Flows,” First Indian Society of Heat and
Mass Transfer (ISHMT)–American Society of Mechanical Engineers Heat
and Mass Transfer Conference, ISHMT, Bombay, India, Jan. 1994.


